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Unidirectional evanescent-wave coupling from circularly polarized electric and magnetic dipoles:
An angular spectrum approach
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Unidirectional evanescent-wave coupling from circularly polarized dipole sources is one of the most striking
types of evidence of spin-orbit interactions of light and an inherent property of circularly polarized dipoles.
Polarization handedness self-determines propagation direction of guided modes. In this paper, we compare two
different approaches currently used to describe this phenomenon: the first requires the evaluation of the coupling
amplitude between dipole and waveguide modes, while the second is based on the calculation of the angular
spectrum of the dipole. We present an analytical expression of the angular spectrum of dipole radiation, unifying
the description for both electric and magnetic dipoles. The symmetries unraveled by the implemented formalism
show the existence of specific terms in the dipole spectrum which can be recognized as being directly responsible
for directional evanescent-wave coupling. This provides a versatile tool for both a comprehensive understanding
of the phenomenon and a fully controllable engineering of directionality of guided modes.
DOI: 10.1103/PhysRevB.95.245416
I. INTRODUCTION
The nanophotonics and quantum optics communities have
recently shown strong interest in the fascinating scenario of a
photonic waveguide being excited by a circularly polarized
electric dipole source showing strong directionality [1–8].
The practical importance of the unidirectional excitation by
circularly polarized dipoles is evident in quantum optics, as it
provides a means of mapping quantum spin states into different
free-photon states [7–13]. It is also extremely interesting
in classical nanophotonics, where the dipole scattering can
be imitated by a small illuminated particle in the Rayleigh
limit. Small particles illuminated with circularly polarized
light behave as circularly polarized dipolar scatterers and thus
exhibit directional excitation of modes in nearby waveguides
[14–17]. The effect is an example of spin-orbit interaction
(SOI) of light, where light polarization determines the light
propagation trajectory [18,19]. SOI effects are generally
believed to be small unless enhanced with artificial materials
[20,21]. However, in the present case, illuminated particles
scatter light into completely opposite directions, constituting
a remarkably simple yet drastic example of SOI, providing
a unique opportunity for robust, integrated, ultrafast light
nanorouting based on polarization [15,22–25]. The effect can
also have important consequences in the optical manipulation
of chiral [26,27] and nonchiral nanoparticles [28–31], giving
rise to unintuitive lateral forces, as well as applications in
optical isolation [13,32].
Different approaches are commonly used to explain the
unidirectionality effect of dipolar scattering. A very general
and simple one relies on the fact that the coupling strength of
a dipole to any photonic mode is proportional to the similarity
between the electric dipole vector p and the electric field
vector of the photonic mode at the location of the dipole E(r0).
Therefore, the dipole can be made to match the fields of the
mode propagating in one direction but not the opposite one
[3–9]. This line of thought can be equally well applied to
*Corresponding author: michela.picardi@kcl.ac.uk
magnetic dipoles [5,7]. Another approach relies on the asym-
metric near-field angular spectrum of dipole fields themselves,
together with considerations of momentum conservation
[1,2,15,16]. This approach applies only to the case of planar
waveguides but provides very valuable physical insight. It
shows that the directionality of a circularly polarized dipole is
a property of its evanescent components that can be observed
only when the dipole is placed in close proximity to a structure.
The case of magnetic dipole directionality, although already
considered in the first approach, has never been treated analyti-
cally with spectral calculations. The knowledge of the angular
spectra of magnetic dipoles is important for the design of
dielectric-based nanophotonic systems since magnetic dipoles
can experimentally be achieved by illuminating high-index
spheres of dimensions comparable to fractions of a wavelength
[33,34], whose lowest-order resonance has a magnetic dipole
character. In this paper, we derive the analytical angular
spectra of both electric and magnetic dipoles in a concise
nomenclature, which provides an intuitive straightforward
understanding of their scattering directionality. We also show
in a simple way how both explanations discussed above:
(i) mode coupling and (ii) the dipole angular spectrum, are
ultimately equivalent in the scenarios where both apply.
II. MODE COUPLING AND SPIN-DIRECTION LOCKING
We start with a very brief overview of the mode-coupling
explanation of directional scattering of circularly polarized
dipoles [4–9]. Consider a dipolar emitter located in r0 close
to a waveguide interface (outside or inside the waveguide). In
the most general case, the emitter can have nonzero electric p
and magnetic m dipole moments.
The probability that photons emitted by the source couple
to a certain waveguide mode is proportional to the square mod-
ulus of the coupling amplitude between the dipole moments
and the mode fields in the waveguide [3–5],
P ∝ |p∗ · E(r0) + m∗ · μH(r0)|2, (1)
where p and m are electric and magnetic dipole moments,
μ is the magnetic permeability of the medium, and E(r0)
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FIG. 1. (a) Schematic of an electric or magnetic dipole placed near a surface. (b) Electric (magnetic) field of a p-polarized (s-polarized)
evanescent wave propagating in the +x direction. It corresponds, for example, to the electric field of surface plasmon polaritons, which is p
polarized, or to the magnetic field of an s-polarized guided mode on a dielectric slab. Red arrows depict the instantaneous field amplitude,
while blue lines show the corresponding polarization ellipses.
and H(r0) are electric and magnetic fields calculated at
r = r0, respectively. This expression is valid for any type
of wave-guided mode, provided that fields at r0 are known.
It can be verified that there are positions at which the
modes of a waveguide display circularly (or, more generally,
elliptically) polarized fields with a handedness that depends on
the propagation direction. These positions can either lie inside
the waveguide [6–8] or be in its close proximity, in the regions
of evanescent tails that surround it [3–5,9,35]. Hence, it follows
that circularly (or elliptically) polarized dipoles with opposite
handedness will couple into opposite propagating directions
of the modes, while linearly polarized dipoles will excite them
equally in both directions [9]. This can occur for modes of
optical fibers [14,36,37], integrated optical waveguides [4,6],
plasmonic waveguides [1], and photonic crystal waveguides
for both electric and magnetic dipole sources [7].
We consider the simple scenario of a dipole near planar
waveguides, slabs, or surfaces, with faces perpendicular to
the z axis [see Fig. 1(a)]. In this simple case, the modes
supported by the structure can be analytically described.
Furthermore, we can assume ky = 0 without loss of generality
and therefore deal with a two-dimensional problem. The
guided modes of such systems, in the region z > 0, are time-
harmonic evanescent waves oscillating at a frequency ω and
characterized by a wave vector k± = (kx,ky = 0,±kz), where
kz =
√
k2 − k2x, k = nω/c, and n = c
√
εμ is the refractive
index of the surrounding medium. The positive sign in kz
assumes evanescent decay in the +zˆ direction (the opposite
case can be obtained by reversing the sign of kz). If we assume
a real n, evanescent waves fulfill Re(kx) > k, resulting in kz
having an imaginary component. The evanescent wave field is
written as
E(r) = E0eik±·r.
Using the expressions H = 1
ωμ
(k± × E), E = − 1
ωε
(k± × H),
directly derived from Maxwell’s equations, and the subsequent
transversality conditions E · k± = 0 and H · k± = 0, we ob-
tain the electric and magnetic fields of p-polarized (TM) and
s-polarized (TE) evanescent modes [2,5,38,39]:
Ep0 =
⎛
⎜⎝
±kzATM
0
−kxATM
⎞
⎟⎠, Hp0 = k
2
ωμ
⎛
⎜⎝
0
ATM
0
⎞
⎟⎠,
(2)
Es0 = −
k2
ωε
⎛
⎜⎝
0
ATE
0
⎞
⎟⎠, Hs0 =
⎛
⎜⎝
±kzATE
0
−kxATE
⎞
⎟⎠,
with ATM and ATE being the amplitudes of the
fields.
It is evident that for Re(kx)  k the vectors associated with
the complex numbers kx and kz become almost orthogonal
to one another in the complex plane, so that Ep and Hs
fields are elliptically polarized [see Fig. 1(b)]. In the limit
in which kx → ∞, kz → ikx , and the polarization becomes
purely circular. Therefore, the basic electromagnetic equations
above require that the polarization of evanescent waves is
elliptical or circular in the plane of propagation. While this is
not new [40], only recently was it pointed out that it implies a
transverse spin angular momentum with a handedness that de-
pends only on the propagation direction (called spin-direction
or spin-momentum locking) [37,38,41,42]. This provides a
very intuitive explanation for the directional excitation of
evanescent waves [3,5,9,38]. If we consider an electric dipole
circularly polarized in the xz plane, with the sign of the z
component determining the handedness,
pL,R =
⎛
⎜⎝
1
0
±i
⎞
⎟⎠,
for a p-polarized evanescent wave, when kx → ∞ with the
evanescent decay in the +z direction (taking the positive root
for kz ≈ ikx), the value of |p∗ · Ep| is equal to
|p∗ · Ep| =
{0 for the propagation direction ∓ x,
2Ex for the propagation direction ± x,
with the sign depending only on the sign of pz and therefore
explaining the directionality. It is interesting to verify that the
value of the product |p∗ · Ep| does not result in directional
emission if the wave is propagating (|kx |  k) instead of
evanescent (|kx | > k) or, likewise, if the dipole is linearly
polarized.
Similar considerations apply to the case of a circularly
polarized magnetic dipole coupled with the magnetic field
Hs of an s-polarized evanescent wave.
III. DIPOLE ANGULAR SPECTRUM APPROACH
The focus of this work is on an alternative explanation for the
directionality of the emission of circularly polarized dipoles
based on the angular spectrum (momentum representation) of
the emitted waves. This explanation was introduced in [1] for
only electric dipoles. Here we provide a simplified analytical
formulation of this approach that presents advantages in terms
245416-2
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FIG. 2. Electric field polarization associated with (eˆs/kz) and (eˆ−p /kz) as a function of kx and ky . The shaded areas correspond to the
propagating components k2x + k2y < k2. The polarization ellipse associated with a complex vector v is computed as the parametric curve defined
by Re(ve−iωt ). While eˆs is associated with linear polarization for any value of kx and ky and does not give rise to any directionality, eˆ±p is
associated with elliptical polarization for the evanescent components (|kt | > k) and linear polarization for propagating components (|kt | < k).
of both physical intuition and system design engineering. Also,
we extend it to the case of magnetic dipoles.
We start by considering an arbitrary electric dipole p
located at r0 = (0,0,z0) within a homogeneous medium with
permittivity ε, permeability μ, and wave number k = ω√εμ.
The electric field EED generated by the dipole can be expressed
using the angular spectrum as [43]
EED(x,y,z) =
∫∫
EED(kx,ky)|z=z0
× ei(kxx+kyy+kz|z−z0|)dkxdky.
We can project EED(kx,ky)|z=z0 on eˆs and eˆ±p [44], which are the
unit vectors of the electric field of s-polarized and p-polarized
waves, defined as (see Appendix A)
eˆs(kx,ky) =
(
−ky
kt
,
kx
kt
,0
)
,
eˆ±p (kx,ky) =
(
±kxkz
kkt
, ± kykz
kkt
, − kt
k
)
,
where kt =
√
k2x + k2y and the + and − symbols account for
fields calculated above and below z = z0, respectively.
Applying this decomposition (see Appendix B for details),
it is possible to write the angular spectrum of the field as the
sum of s- and p-polarized components:
EED(kx,ky)|z=z0 =
ik2
8π2ε
1
kz
[(eˆs · p)eˆs + (eˆ±p · p)eˆ±p ]. (3)
In the same way, for a magnetic dipole with arbitrary dipole
moment m (see Appendix C), we can write its electric field
angular spectrum as
EMD(kx,ky)|z=z0 = −
ik2
8π2ε
1
kz
1
c
[(eˆ±p · m)eˆs − (eˆs · m)eˆ±p ].
(4)
These compact equations are the main result of this work,
written in vector form, independent of basis representation. In
previous works [43–45], the angular spectra of dipoles were
calculated in terms of matrix elements of the Green’s tensor in
a given coordinate system. These matrix elements are difficult
to associate with an intuitive interpretation. Equations (3) and
(4) instead provide physical insight, unravel symmetries in the
fields, and prove to be useful design rules. They allow for a
direct understanding of the effect of spin-momentum locking
in relation to dipole evanescent-wave excitation. Examining
them, we see that the p-polarized angular spectrum of an
electric dipole p is given directly (up to a constant prefactor)
by (eˆ±p /kz) · p, identical in form to the s-polarized field of
a magnetic dipole (eˆ±p /kz) · m. Analogously, the s-polarized
field of an electric dipole is given by (eˆs/kz) · p, while the
p-polarized field of a magnetic dipole reads (eˆs/kz) · m.
Therefore, the simple operations [(eˆ±p /kz)·] and [(eˆs/kz)·]
acting on electric and magnetic dipole moments provide all the
information about their near-field and far-field directionality.
In Fig. 2, we plot the polarization ellipse associated with
the complex vectors (eˆs/kz) and (eˆ−p /kz) as functions of
kx and ky . The figure provides a simple guideline for the
design of dipole directionality at a glance. It also unifies
the spectra of electric and magnetic dipoles, highlighting that
they have identical directionality but applied to different mode
polarizations. Applying the dot product between these vectors
and the dipole moments p or m, following Eqs. (3) and (4),
we obtain the p-polarized and s-polarized components of the
electric and magnetic dipoles. The dot product between two
complex vectors u · v is maximum when u ∝ v∗, as derived by
Schwarz’s inequality. Therefore, it is possible to engineer the
dipole moment p or m to maximize (minimize) its angular
spectrum components at a specific transverse wave vector
(kx,ky), simply by maximizing (minimizing) its scalar product
with the vector (eˆ±p /kz).
The spectra of a circularly polarized dipole are shown in
Fig. 3, calculated by applying the [(eˆ−p /kz)·] and [(eˆs/kz)·]
245416-3
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FIG. 3. Angular spectrum of s- and p-polarized components of the electric field on the plane (kx,ky) generated by a circularly polarized
dipole p = [1,0,i].
operations to the dipole vectors p or m = (1,0,i). When
kt → ∞, (eˆ±p /kz) approaches circular polarization, which in
turn means that the circularly polarized dipole will maximize
the scalar product along one direction while simultaneously
minimizing it along the exactly opposite one. This happens
only for the p-polarized fields of an electric dipole or the
s-polarized fields of a magnetic one (i.e., the terms that involve
eˆ±p ). No directionality can be observed in the other terms,
(i.e., those that involve eˆs), which is true in general because
the vector (eˆ±p /kz) changes under the inversion (kx,ky) →
(−kx,−ky), while the vector (eˆs/kz) does not, except for a
global phase factor. Therefore, this inversion does not affect
the polarization associated with eˆs , indeed modifying the one
associated with eˆ±p
We would like to emphasize that all the discussion above
relates only to the angular components of the dipole itself
in a homogeneous medium, with no mention being made of
nearby surfaces or waveguides. However, when a dipole is
placed in close proximity to a surface, it is clear that, due
to the conservation of transverse momentum, the probability
of excitation of the waveguide modes will necessarily be
proportional to the amplitude of the angular spectrum of the
dipole at the specific (kx,ky) of each waveguide mode [1],
weighted by the corresponding Fresnel reflection coefficients
containing information about the s-polarized and p-polarized
modes existing at the surface. The precise mathematical
formulation of this is given in Appendix D. This means that
when a dipole displaying a strongly asymmetric spectrum in
its evanescent components (such as that in Fig. 3) is placed
in near-field proximity to a surface or planar waveguide,
unidirectional excitation of guided modes will take place. This
conclusion is reached independently of the field structure of the
guided modes. A similar argument can be made in a nonplanar
waveguide in which only one direction of space is translation-
ally invariant, such as an optical fiber. In that case, only one
wave-vector component (along the waveguide direction, e.g.,
kx) is conserved, but we can use logic similar to that above to
conclude that directional excitation will take place due to the
asymmetry of the spectrum in kx . An example of this can be
seen in Fig. 4, where a waveguide with a nonanalytical cross
section is directionally excited by a circular dipole.
One of the advantages of knowing the angular spectrum
is the possibility to calculate the fields at every point of
space by integrating the expressions above, with the reflected
counterparts given in Appendix D. As an example, in Fig. 5
0
1
(a.u.)
z/λ
x
y
z
x/λ
|Re(H
y)|
0.2λ
0.2
λ
(a.u.)
0.05λ
FIG. 4. Directional excitation of guided modes in a nonplanar
waveguide with a nonanalytically solvable cross section. The refrac-
tive index of the waveguide material is n = 3 and the surrounding
medium is air. A circular dipole p = [1,0,i] is placed between the
central ribs of the waveguide, and the smallest distance between the
dipole and the waveguide profile is 0.05λ.
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FIG. 5. (a) and (b) Electromagnetic field and (c) power flow induced by a circularly polarized electric (magnetic) dipole in close proximity
to an interface of a material with ε = −1.5 + 0.2i and μ = 1 (μ = −1.5 + 0.2i and ε = 1), calculated by integration of the angular spectra of
the dipole field given by Eq. (3) added to the reflected fields given by Eq. (D1). The color map represents amplitude, and white arrows represent
the direction of (a) instantaneous electric (magnetic) field, (b) instantaneous magnetic (electric) field, and (c) the time-averaged Poynting vector.
Snapshots from Supplemental Movie M1 [46].
we show the electric field, magnetic field, and time-averaged
Poynting vector for a circular electric dipole placed in close
proximity to a metallic surface supporting surface plasmon
polariton modes. An animated version is provided in the
Supplemental Material as Movie M1 [46].
Far-field and near-field directionality
The asymmetry in the evanescent angular spectrum com-
ponents of circular dipoles (|kx | > k) is in strong contrast to
the symmetry of the propagating angular spectrum components
(|kx |  k). In fact, circular dipole antennas are commonly used
in radio frequency to avoid directional emission because they
do not present any preferred radiation direction in the plane
of the dipole. The sharp contrast in the behavior between the
evanescent and propagating components can be explained by
simple superposition arguments.
In Fig. 6 we plot the p-polarized (s-polarized) angular
spectra of electric (magnetic) dipoles along kx , assuming
ky = 0. This corresponds to the term responsible for unidi-
rectionality, given by [eˆ−p (kx,ky = 0)/kz] · p = (1/k)(−1,0,
− kx/kz) · (px,py,pz). We can easily see that the angular
spectrum of a vertical dipole is an odd function of kx [Fig. 6(a)],
while that of a horizontal dipole is even [Fig. 6(b)]. The
superposition of both components can therefore be a strongly
asymmetric function of kx . However, the superposition
gives completely different results depending on the phase
difference between the two of them. For instance, in a
diagonal linearly polarized dipole p = (1,0,1) the evanescent
angular frequency spectrum components (|kx | > k) have the
same amplitude in both directions (±kx). On the other hand,
a circularly polarized dipole as discussed above introduces
a π/2 phase between the two components, p = (1,0,i),
and the resulting evanescent angular frequency spectrum
(|kx | > k) is highly nonsymmetric, accounting for circular
245416-5
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FIG. 6. Angular spectra along kx (ky = 0) of (a) vertically
polarized, (b) horizontally polarized, and (c) diagonally polarized
(yellow) and circularly polarized (blue) dipoles. In (c) the absolute
values of the angular spectra are plotted. Note that the spectra plotted
represent the amplitude density per unit kx/k0. To obtain the radiation
diagram it should be converted to amplitude density per unit angle,
using the relation dkx = k0 cos θdθ .
dipole directionality [Fig. 6(c)]. It should be noticed that
the exact opposite behavior takes place for the propagating
components (|kx |  k), where the spectrum of the circular
dipole has a symmetric amplitude in kx , while that of a linear
dipole is strongly asymmetric (corresponding to the radiation
diagrams of circular and linear dipoles).
The different behavior in the spectra of evanescent and
propagating components of a dipole intuitively allows for a
complete understanding of the reason why directionality of
circularly polarized dipoles is observed only when the waveg-
uide is placed in a region of near fields, where the evanescent
components are non-negligible. In fact, the directionality is a
property belonging only to the evanescent part of the dipole
angular spectrum and can therefore be observed when the
evanescent components are coupled to a waveguide mode.
Further evidence of the directionality of the dipole near fields
can be seen in the time-averaged Poynting vector of a circularly
polarized electric dipole [Fig. 5(c)]. We can see that the energy
flow is circulating around the dipole in its near-field region in
the same sense as the dipole rotation, intuitively explaining
why surface waves will be excited directionally in the nearby
plasmonic surface. In contrast, the Poynting vector becomes
radial in the far field of the dipole.
IV. CONCLUSIONS
We compared two different descriptions of the phenomenon
of directional excitation of guided modes driven by electric
and magnetic dipoles. The two explanations look profoundly
different in nature because the first one depends explicitly
on the waveguide-mode field structure, while the second one
depends only on the dipole fields and on momentum conser-
vation. The second description has the advantage of showing
explicitly that the circularly polarized dipole directionality is
a universal phenomenon, in the sense that the same dipole
can unidirectionally excite any waveguide mode with the
appropriate wave vector, as directionality is determined by
the dipole itself. Both considered approaches lead to identical
results. The reason behind this equivalence lies in the fact that,
as shown in Eq. (2), for guided modes the field structure can be
completely described once its wave vector has been specified
and, conversely, given the field structure, the associated wave
vector is completely determined. While the mode-coupling
explanation focuses on how the field-vector structure of the
modes matches the field of the dipole, the angular spectrum
explanation focuses on how the wave vector of the modes
matches those of the dipole. Ultimately, the two explanations of
the phenomenon are formally equivalent. Other explanations
of the effect have been proposed considering the quantum spin
Hall effect as an intrinsic property of Maxwell’s equations [38].
Controlling directionality exclusively with light polarization
allows ultrahigh-speed modulation and switching of light,
with broadband behavior, opening new avenues for light
nanorouting based on a very fundamental concept that works
in a variety of platforms ranging from microwaves to nanopho-
tonics and plasmonics. Dipole directionality also provides
a method for readout of quantum spin states mapped into
photons propagating on different directions. The knowledge
of the angular spectrum of dipoles in the form presented here
greatly helps in understanding their directionality properties
and provides a simple recipe for engineering the required
electric or magnetic dipole moments to achieve directional
excitation of any mode in planar waveguides by simply
knowing the dispersion of the mode and its polarization (s
or p). By including the magnetic dipole in our analysis,
we enable the analytical design of applications requiring
directional excitation of s-polarized modes. The simultaneous
excitation of electric and magnetic dipoles in a single particle
is known to enable remarkable directionality properties such
as reduced backscattering and can be experimentally achieved
in particles with overlapping electric and magnetic resonances
using high-index dielectric particles [47–50]. Our compact
notation allows the straightforward calculation of the angular
spectrum in both propagating and evanescent components
of simultaneous electric and magnetic dipoles with arbitrary
polarizations.
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APPENDIX A: POLARIZATION VECTOR BASIS
For our calculations we always use vectors eˆs(kx,ky) and
eˆ±p (kx,ky) as our basis [39]. These vectors are related to the
electric field polarization in s-polarized and p-polarized fields,
respectively, and can be defined as
eˆs = zˆ × k
±
√(zˆ × k±) · (zˆ × k±)
= (− sin φ, cos φ,0)
= 1√
k2x + k2y
(−ky xˆ + kx yˆ), (A1)
eˆ±p = eˆs ×
k±
k
= (± cos θ cos φ, ± cos θ sin φ, − sin θ )
= 1
k
√
k2x + k2y
[± kxkzxˆ ± kykzyˆ − (k2x + k2y)zˆ], (A2)
where k is the wave number of the medium; k± = (kx,ky,
±kz) is the wave vector, with the + and − signs accounting
for fields calculated above and below z = z0, respectively;
and zˆ is the unit vector normal to the plane in which we
choose to expand the angular spectrum. Importantly, these
vectors are valid for both near-field evanescent waves |kt | > k
and far-field propagating waves |kt |  k. In the propagating
lossless case, k± is purely real, and its magnitude is |k±|2 = k2,
so following the definition in Eqs. (A1) and (A2), vectors eˆs
and eˆ±p are purely real unit vectors forming an orthonormal
basis, as pictured in Fig. 7.
In the evanescent case, k± becomes complex, and |k±|2 =
k± · k±∗ > k2, which translates into the vector eˆ±p becoming
complex and no longer having unit magnitude. However,
equation k± · k± = k2x + k2y + k2z = k2 always holds [5,39], so
eˆs and eˆ±p are still an “orthonormal basis” in the special sense
that eˆs · eˆs = eˆ±p · eˆ±p = 1 and eˆs · eˆ±p = 0, with no complex
conjugation. This means that we can always use eˆs and
eˆ±p as a valid geometrical orthonormal basis, as long as
we remember that, if f = aeˆs + beˆ±p , then a = f · eˆs and
b = f · eˆ±p , with no complex conjugation. Also notice the
simple relations eˆ±p × eˆs = (k±/k), (k±/k) × eˆ±p = eˆs , and
(k±/k) × eˆs = −eˆ±p . From these relations and the requirement
H = 1
η
[ k±
k
× E] derived from Maxwell’s equations for plane
waves it follows that any electric field E = [Aeˆs + B eˆ±p ]eik
±·r
is associated with a magnetic field H = [B
η
eˆs − Aη eˆ±p ]eik
±·r
,
with η = (μ/ε)1/2. This mathematical relation always holds
and can be generalized to evanescent waves.
APPENDIX B: THE ANGULAR SPECTRUM OF AN
ELECTRIC DIPOLE
An electric dipole, in the time harmonic case, can be
described in terms of a dipole moment p, associated with
an electric current density J = −iωδ3(r − r0)p, where we
assume an e−iωt time dependence. The electric and magnetic
fields generated by this dipole in a homogeneous medium can
be written as [51]
EED = k2π +∇(∇ · π ), (B1)
HED = −iωε∇ × π , (B2)
with k being the wave number of the medium and π being a
vector potential, often referred to as the Hertz potential [51],
which can be calculated as the product of p and the scalar
Green’s function for the Helmholtz operator [43]:
π = p
4πε
eik|r−r0|
|r − r0| .
Using the well-known Weyl’s identity [52],
eik·r
|r| =
i
2π
∫∫ 1
kz
ei(kxx+kyy)eikz|z|dkxdky,
assuming that the electric dipole (ED) is located on the z axis,
r0 = z0zˆ, we can write π as
π = i
8π2ε
∫∫ p
kz
ei(kxx+kyy)eikz|z−z0|dkxdky. (B3)
By applying Eqs. (B1) and (B2) to (B3) (note that this is
equivalent to the substitution∇ → ik±), the electric field EED
and the magnetic field HED can be written as [44]
EED = i
8π2ε
∫∫ 1
kz
ei(kxx+kyy)eikz|z−z0|gEdkxdky,
HED = iω
8π2
∫∫ 1
kz
ei(kxx+kyy)eikz|z−z0|gHdkxdk,
where gE and gH are given by
gE = k2p − k±(k± · p),
gH = k± × p,
with k± being
k+ = (kx,ky,kz) when z > z0,
k− = (kx,ky, − kz) when z < z0.
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Following Ref. [44], we can then project the function gE(kx,ky)
along the two directions eˆs and eˆ±p relative to the s and p
polarizations (see Appendix A):
gE = γs eˆs + γ ±p eˆ±p .
Therefore,
γs = gE · eˆs
= [k2p − (p · k±)k±] · 1√
k2x + k2y
(−ky xˆ + kx yˆ)
= k
2√
k2x + k2y
(−kypx + kxpy) = k2eˆs · p,
γ ±p = gE · eˆ±p = [k2p − (p · k±)k±]
· 1
k
√
k2x + k2y
(± kxkzxˆ ± kykzyˆ − (k2x + k2y)zˆ)
= ± kzk√
k2x + k2y
(kxpx + kypy) − k
√
k2x + k2ypz
= k2eˆ±p · p.
Analogously, we decompose gH along the directions eˆs and eˆ±p ,
and it can be easily checked that gH · eˆs = γ
±
p
k
and gH · eˆ±p =
− γs
k
, so that we can write
gH =
γ ±p
k
eˆs − γs
k
eˆ±p .
With all of the above we have all the ingredients required
to compose the angular spectrum of the dipole field, defined
as [43]
EED(x,y,z) =
∫∫
EED(kx,ky)|z=z0
× ei(kxx+kyy+kz|z−z0|)dkxdky,
which can be further decomposed into p and s polarizations,
EED(kx,ky)|z=z0 = EEDp (kx,ky)|z=z0 + EEDs (kx,ky)|z=z0 ,
with identical notation for the magnetic field. Putting all of
this together, the p-polarized fields of the electric dipole are
given by
EEDp (kx,ky)|z=z0 =
i
8π2ε
k
⎡
⎣± 1√
k2x + k2y
(kxpx + kypy)
− 1
kz
√
k2x + k2ypz
⎤
⎦eˆ±p ,
HEDp (kx,ky)|z=z0 =
iω
8π2
⎡
⎣± 1√
k2x + k2y
(kxpx + kypy)
− 1
kz
√
k2x + k2ypz
⎤
⎦eˆs ,
while the s-polarized fields are
EEDs (kx,ky)|z=z0 =
i
8π2ε
k
⎡
⎣ k
kz
√
k2x + k2y
(−kypx + kxpy)
⎤
⎦eˆs ,
HEDs (kx,ky)|z=z0 = −
iω
8π2
⎡
⎣ k
kz
√
k2x + k2y
(−kypx + kxpy)
⎤
⎦eˆ±p .
This can be written in compact notation as
EED(kx,ky)|z=z0 =
i
8π2ε
k2
kz
[(eˆs · p)eˆs + (eˆ±p · p)eˆ±p ],
HED(kx,ky)|z=z0 =
iω
8π2
k
kz
[(eˆ±p · p)eˆs − (eˆs · p)eˆ±p ].
APPENDIX C: THE ANGULAR SPECTRUM OF A
MAGNETIC DIPOLE
A magnetic dipole can be described, in the time-harmonic
case (e−iωt time dependence), in terms of a magnetic dipole
moment m, associated with a magnetic current density Jm =
−iωμδ3(r − r0)m. The electric and magnetic fields generated
by this dipole in a homogeneous medium are given by
expressions analogous to Eqs. (B1) and (B2) applied to the
magnetic dipole case [51]:
HMD = ∇(∇ · πm) + k2πm, EMD = iωμ∇ × πm,
where this time πm is the magnetic Hertz potential [51] and it
can be calculated as
πm = m e
ik|r−r0|
4π |r − r0| .
Proceeding in same manner as for the electric dipole, the
magnetic field HMD and the electric field EMD can then be
written as
HMD = i
8π2
∫∫ 1
kz
ei(kxx+kyy)eikz|z−z0|fHdkxdky,
EMD = − iωμ
8π2
∫∫ 1
kz
ei(kxx+kyy)eikz|z−z0|fEdkxdky,
where
fH = k2m − k±(k± · m), fE = k± × m,
with the same definition for k± as given before. In the same
manner as for the electric dipole, we can then project the
functions fE and fH along the two directions relative to the s
and p polarizations so that they can be expressed as
fE = ν±s eˆs + νp eˆ±p ,
fH = kνp eˆs − kν±s eˆ±p ,
where
ν±s = fE · eˆs = ±
(kxmx + kymy)kz√
k2x + k2y
−
√
k2x + k2ymz,
νp = fE · eˆ±p =
k√
k2x + k2y
(kymx − kxmy).
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The s-polarized fields of the magnetic dipole are then given by
HMDs (kx,ky)|z=z0 =
i
8π2
k
⎡
⎣± 1√
k2x + k2y
(kxmx + kymy)
− 1
kz
√
k2x + k2ymz
⎤
⎦eˆ±p ,
EMDs (kx,ky)|z=z0 = −
iωμ
8π2
⎡
⎣± 1√
k2x + k2y
(kxmx + kymy)
− 1
kz
√
k2x + k2ymz
⎤
⎦eˆs ,
and the p-polarized fields are given by
HMDp (kx,ky)|z=z0 = −
i
8π2
k
⎡
⎣ k
kz
√
k2x + k2y
× (−kymx + kxmy)
⎤
⎦eˆs ,
EMDp (kx,ky)|z=z0 =
iωμ
8π2
⎡
⎣ k
kz
√
k2x + k2y
× (−kymx + kxmy)
⎤
⎦eˆ±p .
Notice that these fields can be written as
EMD(kx,ky)|z=z0 =
i
8π2ε
k2
kz
1
c
[−(eˆ±p · m)eˆs + (eˆs · m)eˆ±p ],
HMD(kx,ky)|z=z0 =
iω
8π2
k
kz
1
c
[(eˆ±p · m)eˆ±p + (eˆs · m)eˆs].
As expected [51], going from the electric dipole to the
magnetic one, we obtain the same result that we would
obtain simply performing the following substitutions: ε → μ,
p → μm, H → −E, E → H.
APPENDIX D: REFLECTED FIELDS
The fields reflected from a surface can be easily calculated
starting from the fields radiated by the dipole in a homogeneous
medium. In fact, retrieving the reflected fields once the angular
spectrum has been determined requires only knowledge of
Fresnel’s reflection coefficients rs(ω,kx,ky) and rp(ω,kx,ky),
characteristic of the specific reflective material or layered
media. The reflected electric and magnetic fields of both
electric and magnetic dipoles can therefore be written as
EEDref (kx,ky,z)
= i
8π2ε
k2
kz
[rs(eˆs · p)eˆs + rp(eˆ−p · p)eˆ+p ]eikz(z+z0),
HEDref (kx,ky,z)
= iω
8π2
k
kz
[rp(eˆ−p · p)eˆs − rs(eˆs · p)eˆ+p ]eikz(z+z0),
EMDref (kx,ky,z)
= i
8π2ε
k2
kz
1
c
[−rs(eˆ−p · m)eˆs + rp(eˆs · m)eˆ+p ]eikz(z+z0),
HMDref (kx,ky,z)
= iω
8π2
k
kz
1
c
[rp(eˆs · m)eˆs + rs(eˆ−p · m)eˆ+p ]eikz(z+z0).
(D1)
If the surface or layered media are rotationally symmetric
around z, the reflection coefficients will have the same
symmetry. They will depend only on kt , independent of the
angle, and therefore, the directionality of the fields reflected
by the surface (which includes any excited guided modes)
will not be affected by the surface. The directionality will be
entirely determined by that of the dipole in the homogeneous
medium.
It is worth noticing that these expressions are mathe-
matically general and allow using any Fresnel reflection
coefficients. In particular, no assumption is made on the value
of frequency ω radiated by the dipole, so we can consider the
response to complex frequencies for which the guided modes
can show interesting effects such as the lack of back bending of
surface plasmons [53,54]. These properties are fully described
via Fresnel’s coefficient of the surface using a complex ω.
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